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Recall: Steps in Finite Element Method

v Boundary Value Problem

v Discretization of the Domain

v Derivation of Element Equations

v Assembly of Element Equations based on Element Connectivity
v Imposition of Boundary Conditions

v Solutions

Post-processing



Discretization in 2D
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Recall: Steps in Finite Element Method

v Boundary Value Problem

v Discretization of the Domain

v Derivation of Element Equations

v Assembly of Element Equations based on Element Connectivity
v Imposition of Boundary Conditions

v Solutions

Post-processing



Recall: Variational (Weak) Problem

w = weight / test function

B(w,u) = l(w) U = trial function

Find u such that the above equation holds for any w which
a) Is sufficiently continuous as required by the weak form

b) satisfies the specified homogeneous form of essential boundary
conditions on u



Recall: Variational (Weak) Problem

B(w,u) = l(w)

Shape function for element

Following Rayleigh-Ritz procedure, u = Z psuf and w= 197}
=t X

Nodal values
Shape functions

« Continuity — Sufficiently differentiable as required by the weak form

o Completeness — include all lower-order terms up to the highest order used

 Interpolation — interpolate the primary variables at the nodes of the element




e Recall: FEM in 1D
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Recall: FEM 1n 1D
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Task 1: Construction of shape
function over 2D element




Recall: Variational (Weak) Problem

Boundary value problem

d du N _ 0
dx adx i

u=0 atx =290

du\ R
adx = (Qp atx =

B(w,u) = l(w)

Weak form

forx € (0,L) o
Qe

( dw du )
f a——+ cwu |dx

f wqdx + w(x,)Qa + w(xp)Qp
Qe

Element domain Q°f = (x4, x5)

Task 2: Numerical integration




This Week

« Different elements (Triangular, Rectangular, Quadrilateral etc.)
o Completeness, Continuity and Shape functions

e (Gauss Quadrature technique for numerical integration



Shape Function For 3-Node Triangle

(x5,75) o3 Polynomial approximation
U3 ué(x,y) = ¢y + cox + c3y

Complteness




Shape Function For 3-Node Triangle

Polynomial approximation
u(x,y) =cy + c,x + c3y

(x3,v3) _ 3
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Shape Function For 3-Node Triangle
Polynomial approximation

(x3,¥3) . 3 ,
u(x,y) =cy + c,x + c3y
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Shape Function For 3-Node Triangle
Polynomial approximation

(x3,¥3) . 3 ,
u(x,y) =cy + c,x + c3y
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Shape Function For 3-Node Triangle
Polynomial approximation
u(x,y) =cy + c,x + c3y

(x3,¥3) . 3 ,
Us

us Interpolation
4 (x2,52) ui = u(x1,y1) = ¢ + X7 + c3y71
uj u; =u®(x3,y;) =g + x5 + c3y;

17(x¢, v € _ 1,8(+€ ) — e e
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X
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Shape Function For 3-Node Triangle
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Shape Function For 3-Node Triangle

Polynomial approximation
u(x,y) =cy + c,x + c3y
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Shape Function For 3-Node Triangle

Polynomial approximation
u(x,y) =cy + c,x + c3y

(x3,v3) _ 3
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Shape Function For 3-Node Triangle
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Shape Function For 3-Node Triangle
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Shape Function For 3-Node Triangle

3

1 b1

Kronecker delta property

o (xF,y7) =645



Shape Function For 3-Node Triangle
(e = L SEREN
(151—5(37—396—4)’) ¢2—27 X—y

(3,7) 9.3

e 1
S qb3—ﬁ(1—3x+5y)

o Q ;
Z ¢ (x,y) =1
=1

Partition of unity property

L& 2,1



Shape Function For 3-Node Triangle
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Shape Function For 3-Node Triangle

3
378 w(xy) = ) geuf
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Shape Function For 3-Node Triangle

3 1 1
(3.7) 0} =ﬁ(37—3x—4y) b5 :ﬁ(_ll + 6x — )

1
e _ _— (1 _
b5 = 27(1 3x + 5y)

0p® 3 9p5 6 0 pe 3

0x 27 ox 27 dx 27




Shape Function For 3-Node Triangle
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Shape Function For 3-Node Triangle
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Continuity

A function f defined over a domain Q iIs called a C™ function If its
derivatives of order j for 0 < < n exist and are continuous function In
the entire domain.

A

f (x)




Global Continuity

Element level approximation

n = number of node In the element

n
ue(®) = ) of @D
—
l ¢; = shape function within element

2 — node bar 3 — node bar 2 — node beam



Global Continuity

ue(® = ) ¢f (D
=1

N

u(x) = 2 u; P; (x)

=1

€
i

Element level approximation
n = number of node in the element

° = shape function within element

Global approximation
N = total number of node

®; = global shape function



Global Continuity

| 2 —node bar

- C° continuity

/7

d®(x)/dx 7

/7
/ ’
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/ 7
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0} /' 3 —node bar

b1 d$ \ C° continuity




Global Continuity

0.8 e
. D1 b 2 — node beam
*| \ C' continuity



Error in Finite Element Solutions: Major Sources

« Domain approximation error

Idealization/ approximation of computational domain

(not of much relevance in one-dimensional problems)

/ ))/"‘ /’




Error in Finite Element Solutions: Major Sources

e Quadrature and finite arithmetic error

Round-off errors in the computation of numbers

Numerical evaluation of integrals



Error in Finite Element Solutions: Major Sources

e Approximation error

Approximation of variables

N N = Total number of nodes
u, = u at global node |
Un = Z u;b; ®; = Global iInterpolation function
(=1 associated with global node i



Error in Finite Element Solutions: Measures

Supmetric measure

max

a<x<pl¥Un

Il u—up llw=
Energy norm

& diu dluy,
I =up llm= fz [dx‘ dxd
a

=0

L, norm
1/2

lu—up llg= f|u—uh|2dx

]dx

1/2

u,, Is the finite element
solution over domain Q2
= (a, b)

u IS true solution

2m 1S the order of
differential equation
being solved



Error in Finite Element Solutions: Measures

lu—up lle
1y, (x) | /
w(x) u(x)
up(x)
Il u—uy g




Convergence in Finite Element Solutions

If the finite element interpolation functions ®; are complete polynomials of
degree k, the error in the energy norm can be shown as

Il u—uy ll,,< ch?, p=k+1—-—m>0

h is the element size Completeness — include all
. _ _ _ lower-order terms up to the
Zm IS the order of differential equation highest order used
being solved
_ 2 4
c is a constant f(x) =co+cix + cx° +cy x

k =2



Pascal Triangle in 2D

Ao Constant
DA Linear (3 terms)
x°xy )(\2 ---------------- Quadratic (6 terms)
s Cubic (10 terms)
x4 x3y x%y*  xy? y4 ---------- Quiartic (15 terms)

x xty  x3y? x%yd xyt pSo------ Quintic (21 terms)



et us take incomplete polynomial
(37) 93

17 @21

-

X
ui = 2¢c, + c3 + 2cy
us; = 7c¢, + 4c3 + 28c¢,
ui =3¢, +7c3 + 21cy

(7,4)

Polynomial approximation
uf(x,y) = cox + c3y + cuxy

Interpolation

e __ e e e - e e e.,e
ui = u(xg,y;) = caxi + C3y1 + C4X1V;

us = u(x3,y5) = Cax5 + C3y5 + C4X5y5

us = u®(x3,y3) = x5 + c3y5 + c4x5y3
2 1 271 (uf)
>u® (,y)={x Yy xXY}|7 4 28| <us;
3 7 21_ \ugj



et us take incomplete polynomial
(37) 93
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et us take incomplete polynomial
(37) 93

u®(x,y)

(112 7

1
={X ¥ Xy}—|63 -36

(7,4)

P71 =

aF;

b3 =

213 —37 11

1
E —— (112x + 63y — 37xy)

2
= 1 (7x — 36y + 11xy)
213
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et us take incomplete polynomial
(37) 93

1
¢1 = 513 (112x + 63y — 37xy)

1
S =——(7x — 36 11
; (7,4) 5 213( X y + 11xy)

1
1% (2,1) ¢3 = 513 (—20x + 42y — xy)

=V

el e e Unnecessary to check — interpolation is
P; (xj ' Yj ) =0 Lj used as constraint to determine constants

C,, C;and ¢,




et us take incomplete polynomial

d1(x,y)




et us take incomplete polynomial
(37) 93

1
¢1 = 513 (112x + 63y — 37xy)

1
¢S = — (7x — 36y + 11xy)

| 27213
. (—20x + 42 )
17 (@21 ¢3—213 X y — Xy
X

1
¢1 + ¢; + 3 =E(99x+69y—27xy) * 1



Rigid body motion

Undeformed Deformed
configuration configuration
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Lagrange Simplexes







Four-node Rectangular Element

g (x5, 55) (x3,3) 3
e
Us

Uy

uj Uy

Lixe,ye) (x£,y£)2

1

Polynomial approximation
u(x,y) =cy +cyx + c3y + cuxy

Constants c,, C,, C; and c, are determined Iin
terms of uf, u$, us and ug by imposing
interpolation condition u®(x;, y;) = u; for
alli=1,234

Very tedious job especially for higher order shape
functions — need a different approach

1

¢1 =2 (x = %)y —yg) ¢5 =2 e —x))y - 1)
e __ 1 e e e __ 1 e e
¢2—_F(x—x1)(y_3’4) ¢4—_F(x—x2)(y_Y1)




Four-node Rectangular Element




4 )
Iso-parametric n
formulation

_ (Nextweek)
\

Parent
Element

Parametric domain
[-1,1] x [-1,1]

Physical (&¢,7m) natural coordinate
Element

Physical domain

> X



Parent
Element

Physical
Element




4 (x5, y5) (x3,¥3) 3 (—1.1) 4 m 3 (1)

Y
Physical

Element

Parent

Lixg, y9) (x5,¥8)2 M _1y Element
Sl

> X
P, M =0-8A—-n)/4

$5&, M =0+ —n)/4

ds(E, M) =0+ +n)/4
¢3€(XJY) = (x _xle)(y _yle)/Ae ¢§(5»77) — (1 _ 6)(1 +T])/4

pi(x,y) = (x —x3)(y —y5)/A°

¢5(x,y) = — (x —xP)(y — yi)/A®

ds(x,y) = —(x —x3)(y —y1) /A

1
¢i(€,n) = 7 L+ &EHA +mm)




Shape function through tensor product

TIA AT’

29 4o 93 4Q 4Q
2L (D [1.2] [2,2] by (&,n) = (P[I,]] ,n)

1 o ’g

2L = IZL(E)¢]2L(U)
: (L1 | (211

1l e ® ®

(—1) 1 —1 2
-1 o S




2 4e . e 3
el ][22 P2E ) = PP ()
-1 ¢
[1,1] [2,1]
1 @ O O
1 —1 2
L @
1 2
PL(E)=(1-8)/2 1(—1)

> %, =0—-81—-n)/4

it =1A-m/2



Shape function through tensor product
N4 R

qu%(n)ﬁ 3e 4.[1’3] 7.[2’3] 30[3’3]
Be (€.m) = ¢y &)
2 ¢ SoL1:2] 90[2’2]60[3’2»]‘2
| = ¢ (&) )
| [1,1] [[2,1] [[3.1]
B A 1 ® ® ’ ®
] 5 2
S S S







Shape function through tensor product

TIA

(1)

(—1) e

Lagrange Polynomial

n

Ly(x) = 1_[

m=1
m=*k

X — X,

Xk — Xm



Shape function through tensor product

Lagrange Polynomial
n

X — X
Lk(x) - ka—xm
m

m=1
m=k

(x —x)(x = x3) ... (x —~ xk_l)(x —~ xkﬂ) (= xy)

b (X = x)(xp — x5) .. (xk — xk_l)(xk — xkﬂ) (X =)



Shape function through tensor product

nA

(1)

(—1) e

@
(=1

Lagrange Polynomial

3
_ §—Sm el
Lz(f)—m = =¢,° ()
m=l
1 :nn U—nm: nyl
5 L](T]) mzln] —n, (,b] (77)
m=J
(n,’cxnn)Q




Serendipitity Element Recall: Lagrange Family

Linear Quadratic Cubic Quartic



Serendipitity Element

Linear Quadratic Cubic Quartic

Ergatoudis, I.R.O.N.S., Irons, B.M. and Zienkiewicz, O.C., 1968. Curved,
Isoparametric,“quadrilateral” elements for finite element analysis. International journal
of solids and structures, 4(1), pp.31-42.



Conforming Element

When the choice of nodal points, element geometry, and local
Interpolating functions lead to a global interpolant that is continuous
across inter-element boundaries In the connected finite element model,
then the individual finite elements are said to be conforming.

The Lagrange families of finite elements contain C°-conforming elements

(- . e e )
To develop smoother conforming elements, e.g., Ck elements, k > 0, it is
also necessary to also prescribe values of derivatives of the interpolant at
.element nodes.

J

L Hermite Families
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Recall: Weak Form and Integration

Boundary value problem

d du N _ 0
dx adx 4=

u=0 atx =290

du\ R
adx = (Qp atx =

B(w,u) =1l(w)

for x € (0,L)
Qe

Weak form

J dw du N
a o ax cwu

)as

j wqdx + w(x,)Qa + w(xp)Qp

Qe

+

a

Qe

+

b

O°f = |a,b]

h=b—a



Problem

|

fbf(x)dx = 7?



Physical domain and Parametric domain h

b >
| | > X
I = d | |
| e ! b
Physical domain
(@ +b) 458k —a)
x =—=(a — —a
2 2 | ¢
| |
1 —1 1
= dx = > (b—a)dé = dx =]dé Parametric domain

~N

1
J=Wb-a)/2 |I =]f f(&dE =JI where f j f(&)dé
_1 i

Jacobian

J




Gaussian Quadrature: Concept ; £(&)
: : Aees i

1 | | Lo |
[ = f f(&)dé FE & &
-1 | | I i
[ =Wif(&) +Wof(&) + - .:. i l l N £
—1 61 62 fn 1
F(&,) Integration points
— i — {Wl Wz Wn} {f(fz)} = f — WTf {61 51 En}
N - Y : Weights
wr ) W Wy o W)

f



Gaussian Quadrature: Concept

1 £
i:f fdé ={Wy W, - Wy} {f(:€2)} =W'f
-1

f($n)
Philosophy
Determine  weights {(W; w; - W,} and integration points
{& & -+ &} so that the polynomial of a given order (say p) Is

Integrated exactly

If f(E) = ay + @€ + azf? + -+ a1 &P, 1 f(§)dE is exact



Gaussian Quadrature: Integration points and weights

1 F(0)
i=| r©ods =m w, - Wn}{f (52)
-1 .
F(En)

f&) =as +azé +azé% + 4 a, 1 &P

. f(f) — El 5 52 fp}J< C¥:3 ’ Ef(sﬁ) Ef(fz) :
P \Xp+1. I
=) =pe o B i
—1 $1 $2

(1Y T TN
a i i N i

F(&)!

én 1

> <



Gaussian Quadrature: Integration points and weights

) 1
I:f f(f)df ={W1 W,
—1

f&) =as +azé +azéf + -+ “p+1€f

f&) =a; +axéy + azés + -+ ap+1f§

f&) =ay + axéy + azéi + -+ ay 183

F(&)
RRNA(D

F(En)

=W'f

fE &)

| f(©

F(&)!

—1 ¢

$2

én 1

> <



Gaussian Quadrature: Integration points and weights

e & \
i:f FOds =y Wy - WG —wry
_1 .
N F(6n) )
P wT
f(fl)2(11+6¥2€1+(X3€12-|—----|—ap+1€f 1}>I—W Ma
f(&) = ag + aéy + azés + -+ gp (f@l)\ 1 & &
Com T R L & &
f(fn) = aq + azfn 4+ CZBE% 4 et ap+1€'§ k f \l\;[




Gaussian Quadrature: Integration points and weights

C &) D

1= r@ag = w, = wydfEDL —wry

—1 .
{i = W'Ma J (f(ﬁ)\ & & ( a1?
,[ ) f(§2) L — & &5 a:Z >

Integration computed JG) L b &2 \Tp+1)
numerically via f S v a
Gaussian quadrature \_ M %




Gaussian Quadrature: Integration points and weights

1
f = f F(E)de F(E) = @y + @of + asf? + o+ @yy 1 &P
-1

) 1 1
Toract = f FEdE = f (@1 + @pé + as€? + -+ @y, EP)dE
- ~1

2 3

2 3

-

- 2
:IExact:{z 0 §

A -

p+1

}

P

A Ep+1 1
=1 =lasta,—+az—=+ay 1 ——
Exact [ 16 2 3 p+1p_|_1]_1

(%1

. :{iExact — i\)a J

\ -
Exact Integration



Gaussian Quadrature: Integration points and weights

C &) D

1= r@ag = w, = wydfEDL —wry

—1 .
{i = W'Ma J (f(ﬁ)\ & & ( a1?
,[ ) f(§2) L — & &5 a:Z >

Integration computed JG) L b &2 \Tp+1)
numerically via f S v a
Gaussian quadrature \_ M %




Gaussian Quadrature: Integration points and weights

[=WTMa fExact = Pa

I =1Ig Exact

p + 1 nonlinear
algebraic equations

\\/

>W'Ma=Pa =>MTW =PT

Kl 1 - 17 ( 2 |
g & o & | (M) 0 Number of equations = p + 1
> 0 2/3
=50 & G I/I:/2 = / . | Number of unknown = 2n
P g 5:19 W,/ 1—(-1)P*™ {fz =1 {W}
&1 ’ i . p+1 J/

n-point Gaussian quadrature can integrate a (2n-1)-order polynomial
exactly



Legendre Polynomials

. n=0 PE)=1
Rodrigues’ formula :
n=1 P =¢
n
1
Pn(f) — Ny dé-n (62 _1)n n=2 P2(€)=§(3€2_1)
1
n=3 Py®) =5 (567 - 30)

1
n=4 Pi§) =5 (356* 3082 +3)

1
n=5 P(§= §(6355 — 7083 + 15¢)

nN=6 P& = 1—16(23156 — 31584 4+ 10582 — 5)

1
N=7 Py, (&)= E(42957 — 693&° + 31583 — 35¢8)




Gauss-Legendre Quadrature

n f i Wi

1 0.0 2.0

2 +1/v/3 = £0.5773502692 1.0

3 +0.7745966692 0.555 555 5556
0.0 (.888 888 8889

4 +0.8611363116 0.347 854 8451
+0.3399810436 0.652 145 1549

5 +0.9061798459 0.236926 8851

+0.5384693101
0.0

0.478 628 6705
(0.568 888 8889

6

+0.9324695142
+0.6612093865
+0.2386191861

0.171 324 4924
0.360761 5730
0.467913 9346
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Problem

=) f(x,y)dQ =7



Integration Over Quadrilateral Domain

B . dx_, 0Jy.
anf_| | i i= (5 567 )
SRRTREN S o (ox. dy )
_<6nl+0n > !
[—1,1] x [-1,1] : > X
1
Ox? J e  rox ay‘\
wn=i-@xp) =i-[a® % 0 = laer|2 Bllagar— yjagay
a_xdn a_ydn 0 an 0.
| O on ] \ y

Jacobian



Integration Over Quadrilateral Domain y

f(x,y)dQ
Qe
1 1 .
f f |IJ(E,n)|f (&, n)d&dn Physical domain
n=-1¢=-1 $ 11
=1 j=1 [—1,1] x [-1,1]

Parametric domain
(natural coordinate)



Integration Over Quadrilateral Domain

-
|

>
|

N

n n
| 1 1
| | 1
Z Z ATANGR DGR = BRGEE
|
| | 1
=1 j=1 [=---- *------ | |
1 | 1
' N G o
|
n fi Wi ! I :
1 0.0 2.0 [-1,1] x [-1,1] [-1,1] x [-1,1]
0 +1/+/3 = +0.5773502692 1.0 n - n=3 T :Af |
i 1 1 _l _ o _ i
S SEERT TR : v -¢4---¢
3 1(.7745966692 0.555 555 5556 4 v T 'f Lo _f
0.0 (.888 888 8889 | | | Ak il s ok
DU RN
1 1
A +£0.8611363116 0.347 854 8451 | i i -‘If"‘.'"- -4+
£0.3399810436 0.652 145 1549 ] N
1 X ' | L L L
[—1,1] x [-1,1] [—-1,1] x [-1,1]
9



Integration Over Triangular Domain

t&
n
_ Parametric domain
I'= Z Wi“](fli’ éZi)‘f(gli’ Stzi) 2 =1 (natural coordinate)
1=1
n
"dx 0y
PR £
Iws) = | ay & = 1
0&, 0¢&,.

For straight — sided 3 — node triangle



Integration Over Triangular Domain

[= ) Wil &)1 (51, 2.) N % (0 v2)
=1
n
ox dy-
0 0
J(fli,fzi) = ail ai;l 3 (x1»1Y1)
(%3, ¥3)
0, 0¢; > X

X1 —X3 M1 —)’3]

For straight — sided 3 — node triangle Jd = [
° 5 X2 —X3 Y2 —Y3



Integration Over Triangular Domain

I = Z Wi“](fli’ é21')‘f(€1l" 521')
=1

n

Integration
order

gli

€2i

Wi

Three-point

0.1 666 666 666
0.6 666 666 666
0.1 666 666 666

0.1 666 666 666
(0.1 666 666 666
(0.6 666 666 666

(.1 666 666 666
(.1 666 666 666
().1 666 666 666

Seven-point

0.1 012865 073
0.7 974 269 853
0.1 012865 073
0.4 701 420 641
0.4 701 420 641
0.0 597 158 717
(.3 333333 333

0.1 012865073
0.1 012865073
(0.7 974 269 853
0.0 597 158 717
0.4 701 420 641
0.4 701 420 641
(0.3 333333 333

0.0 629 695 903
0.0 629 695 903
(.0 629 695 903
0.0 661 970 764
0.0 661 970 764
0.0 661 970 764
0.1125




Integration Over Triangular Domain

Cowper’s formula

Monomial of any order can be integrated on a straight sided triangle in the
closed form as

iljlk!

2A°
C((+j+k+2)

j siglekdn, =
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